FINE STRUCTURE OF THE ZEROS OF 
- / ■ ORTHOGONAL POLYNOMIALS, 

O ■ III- PERIODIC RECURSION COEFFICIENTS 

o ■ 
(N : 

^ . BARRY SIMON* 

i-> : 

' Abstract. We discuss asymptotics of the zeros of orthogonal 

. polynomials on the real line and on the unit circle when the recur- 

7—i ' sion coefficients are periodic. The zeros on or near the absolutely 

. continuous spectrum have a clock structure with spacings inverse 

p ^ ' to the density of zeros. Zeros away from the a.c. spectrum have 

. limit points mod p and only finitely many of them. 

■3': 

S ■ 1. Introduction 

^ ! This paper is the third in a series [HI HH] that discusses detailed 

>■ I asymptotics of the zeros of orthogonal polynomials with special em- 

^ ■ phasis on distances between nearby zeros. We discuss both orthogonal 

^ . polynomials on the real line (OPRL) where the basic recursion for the 

CN i orthonormal polynomials, Pn{x), is 

^ ■ xpn{x) = an+iPn+i{x) + + a„p„-_i(x) (1.1) 

o ■ 

^ I (a„ > for = 1, 2, . . . , 6„ real, and p-i{x) = 0), and orthogonal 

+^ ■ polynomials on the unit circle (OPUC) where the basic recursion is 

S ■ ¥>n+l{z) = p7^^{z^n{z) - an^*n{z)) (1.2) 

■ Here an are complex coefficients lying in the unit disk D and 

><: ^:(z) = z"^::(i7i) (1.3) 

and 

Pn = {l-\an?f'' (1.4) 

In this paper, we focus on the case where the Jacobi coefficients 
{a„}^]^, {hn\'^=i or the Verblunsky coefficients {an}'^=Q are periodic, 
that is, for some p, 

O-n+p — 0"!% bn+p = &n (1-^) 
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or 

On+p = On (1.6) 

It should be possible to say something about perturbations of a periodic 
sequence, say an \ which obeys ()1.6|) and a„ = an^ + (5q;„ with |(5q;„| 
sufficiently fast. We leave the details to be worked out elsewhere. 

To describe our results, we begin by summarizing some of the basics 
of the structure of the measures and recursion relations when (jl.Sp or 
()1.6jl holds. We will say more about this underlying structure in the 
sections below. In this introduction, we will assume that all gaps are 
open, although we don't need and won't use that assumption in the 
detailed discussion. 

When ()1.5|) holds, the continuous part of the underlying measure, 
dp, on M is supported on p closed intervals [aj, Pj], j = 1, . . . ,p, called 
bands, with gaps {Pj, aj+i) in between. Each gap has zero or one mass 
point. The m-function of the measure dp, 

miz) = (1.7) 
J X - z 

has a meromorphic continuation to the genus p — 1 hyperelliptic Rie- 
mann surface, S, associated to [nj=i(^ ~ ~ Pj)Y^'^- This surface 
has a natural projection vr : iS ^ C, a twofold cover except at the 
branch points {aj}^^^ U n'^lPj, dj+i] is a circle and m{z) has 

exactly one pole 71, ... , 7p_i on each circle. 

It has been known for many years (see Faber [2]) that the density 
of zeros dk is supported on U^^^laj, Pj] = B and is the equilibrium 

measure for B in potential theory. We define k{E) = dk. Then 
k{Pj) = j/p. Our main results about OPRL are: 

(1) We can describe the zeros of pnp~i{x) exactly (not just asymptot- 
ically) in terms of vr(7j) and k{E). 

(2) Asymptotically, a.s n —>■ 00, the number of zeros of p„ in each 
band [aj,Pj], N^"''^\ obeys sup„|- — iV'^"'-'^| < 00, and the zeros 

{4"''^}2r''^ obey 



sup n 

j 

£=l,2,...,Af("'-')-l 



I b 



as n ^ 00. 

(3) 2; e C is a limit of zeros of pn if and only if z lies in supp((ip). 

(4) Outside the bands, there are at most 2p + 26 — 3 points which 
are hmits of zeros of Pmp+b-i for each h = 1, . . . ,p and, except for 
these limits, zeros have no accumulation points in C\bands. 
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For OPUC, the continuous part of the measure, d/j,, is supported on 
p disjoint intervals {e*^ | Xj < < yj}, j = 1, . . . ,p, in with p gaps 
in between {e*^ | Z/j < ^ < ^j+i} with Xp+i = 27r + Xi. Each gap has 
zero or one mass point. The Caratheodory function of the measure dfi, 

F{z) = j "^JM (1.9) 

has a meromorphic continuation from D to the genus p — 1 hyperelhptic 
Riemann surface, S, associated to [11^=1 ~ e*^^)(z — e^^^)]^^"^. The 
surface has a natural projection vr : 5 — C, and the closure of each 
gap has a circle as the inverse image. F has a single pole in each such 
circle, so p in all at 71, ... , 7p. 

Again, the density of zeros is the equilibrium measure for the bands 
and each band has mass 1/p in this measure. See [12], especially Chap- 
ter 11, for a discussion of periodic OPUC. Our main results for OPUC 
are: 

(1') We can describe the zeros of ^9*^ — (pnp exactly (note, not zeros of 

(2') Asymptotically, as n — > 00, the number of zeros of (pn near each 
band, N^'^'^\ obeys sup„|^ — A^("'.')| < 00, and the points on the 
bands closest to the zeros obey an estimate like ()1.8|) . 

(3') 2 G C is a limit of zeros of if and only if z lies in supp((i/i). 

(4') There are at most 2j9 + 26 — 1 points which are limits of zeros of 
Vmp+h for each 6 = 1, . . . ,p and, except for these limits, zeros have 
no accumulation points in C\bands. 

In Section |21 we discuss OPRL when (|1.5j) holds, and in Section |21 
OPUC when (jl.6j) holds. Each section begins with a summary of trans- 
fer matrix techniques for periodic recursion coefficients (Floquet the- 
ory). 

While I am unaware of any previous work on the precise subject 
of Sections |21 and 01 the results are closely related to prior work of 
Peherstorfer [7] , who discusses zeros in terms of measures supported 
on a union of bands with a particular structure that overlaps our class 
of measures. For a discussion of zeros for OPUC with two bands, see 

These papers also consider situations where the recursion coefficients 
are only almost periodic. For any finite collection of closed intervals on 
M or closed arcs on 5D, there is a natural isospectral torus of OPRL or 
OPUC where the corresponding m- or F-function has minimal degree 
on the Riemann surface (see, e.g., [121 Section 11.8]). It would be 
interesting to extend the results of the current paper to that case. 
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It is a pleasure to thank Chuck Newman and Percy Deift for the 
hospitahty of the Courant Institute where some of this work was done. 

2. OPRL With Periodic Jacobi Coefficients 

In this section, we analyze the zeros of OPRL with Jacobi coefficients 
obeying We begin with a summary of the theory of transfer ma- 

trices, discriminants, and Abelian functions associated to this situation. 
A reference for much of this theory is von Moerbeke [201; a discussion 
of the discriminant can be found in Hochstadt von Moerbeke pUj . 
Toda jini, and Last The theory is close to the OPUC theory de- 
veloped in Chapter 11 of P^ . 

Define the 2x2 matrix, 



where 

Oo = dp 

Thus 

det(A,) = ^ 
and the abstract form of (jl.l|) 

ZUn = a„+iM„,+i + bn+lUn + 

is equivalent to 

\Un ) 

So, in particular. 



/ V^n— 1 



This motivates the definition of the transfer matrix, 
T^{z) = Ar,.^^{z) . . . A^{z) 
for n = 1, 2, We have, by (jl.Sj) . that 

suggesting that Tp plays a basic role. By ()2.3|) and ()2.2p . 

det(Tp) = 1 
A fundamental quantity is the discriminant 

A(^) = Tr(Tp(z)) (2.10 



2.1 

2.2 
2.3 

2.4 
2.5 

2.6 



2.7 



2.8 



2.9 
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By fl2.(i|l . we have 

Tn{z)=( '^"-^S'll (2.11) 

^ \pn-l{z) qn-2{z)) ^ ^ 

where qn{z) is a polynomial of degree n that is essentially the polyno- 
mial of the second kind (the normalization is not the standard one but 
involves an extra Op). 

By O and (j2nT)|l . Tp{z) has eigenvalues 

r,(.) = ^ ± Vm^-i (2.12) 

In a moment, we will define branch cuts in such a way that on all of 
C\cuts, 

|r+(^)|>|r_(;.)| (2.13) 

so ()2.8|) implies the Lyapunov exponent is given by 

hm - log||T„(;2)|| = - log|r+(^)| = 7(^) (2.14) 

n^oo n p 

()2.12|1 means |r+| = |r__| if and only if A{z) G [—2, 2], and one shows 
that this only happens if z is real. Moreover, if A{z) G (—2,2), then 
A'(x) 7^ 0. Thus, for x very negative, (— l)^A(x) > and solutions 
of (-l)PA(x) = ±2 alternate as +2, -2, -2, +2, +2, -2, -2, . . . , which 
we label as 

ai < Pi < a2 < p2 < as < ■ ■ ■ < Pp (2.15) 
Since A(x) is a polynomial of degree p, there are p solutions of A(x) =2 
and of A(x) = —2, so 2p points {ttj}^^]^ U {Pj}^^i- 

The bands are [ai. Pi], [a2, P2], ■ ■ ■ , [ap, Pp] and the gaps are {Pi, 0^2), 
{P2,Ci3), ■ ■ ■ , {.Pp-i,C(p+i)- If some Pj = ttj+i, we say the j-th gap is 
closed. Otherwise we say the gap is open. 

If we remove the bands from C, T±{z) are single- valued analytic 
functions and (j2.13p holds. Moreover, r+ has an analytic continuation 
to the Riemann surface, S, of genus i < p — 1 where i is the number of 
open gaps. S is defined by the function [{z -ai){z- Pp) Ilopeii gaps(^ ~ 
Pj){z — cij+i)]^/^. r_ is precisely the analytic continuation of r+ to the 
second sheet. 

The Dirichlet data are partially those x's where 

=c.Q (2.16) 

that is, points where the 21 matrix element of Tp vanishes. It can 
be seen that the Dirichlet data x's occur, one to each gap, that is, 
Xi, . . . with Pj < Xj < ttj+i. If X is at an edge of a gap, then 
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Cj = is ±1. Otherwise |cj| 7^ 1. If |cj| > 1, we add the sign 
(jj = —1 to Xj, and if |cj| < 1, we add the sign = +1 to xj. Thus 
the values of Dirichlet data for each open gap are two copies of [aj, 
glued at the ends, that is, a circle. The set of Dirichlet data is thus an 
^-dimensional torus. It is a fundamental result ^20j that the map from 
a's and 6's to Dirichlet data sets up a one-one correspondence to all a's 
and 6's with a given A, that is, the set of a's and 6's with a given A is 
an ^-dimensional torus. 

The m-function ()1.7|) associated to dp has a meromorphic continua- 
tion to the Riemann surface, S, with poles precisely at the points Xj 
on the principal sheet if aj = +1 and on the bottom sheet if cij = — 1. 
p has point mass precisely at those Xj G {l3j,aj+i) with aj = +1. It 
has absolutely continuous support exactly the union of the bands, and 
has no singular part other than the possible point masses in the gaps. 

Finally, in the review, we note that the potential theoretic equilib- 
rium measure dk for the set of bands has several critical properties: 

(1) If k{x) = f^^ dk, then 

k{Pj) = k{aj+^) = ^ (2.17) 

(2) The Thouless formula holds: 

7(z) = j \og\z - x\ dk{x) + logCs (2.18) 

where 7 is given by ()2.14|1 and is the (logarithmic) capacity of 
B. 

(3) The (logarithmic) capacity of the bands is given by 

CB=(\{a^ (2.19) 

V j=i / 

(4) 

r+(2) = C^exp^^p j \og{z - x) dk{x)^ (2.20) 

That completes the review of periodic OPRL. We now turn to the 
study of the zeros. We begin by describing exactly (not just asymptot- 
ically!) the zeros of Pmp-i- 

Theorem 2.1. The zeros of Pmp^i{x) are exactly 
(i) The p ~ 1 Dirichlet data points {xj}^Zi. 
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(ii) The {m — l)p points {x^^n} k=i,...,p where 



1 1 

q=l,...,m—l 

= ^ + ^ (2.21) 

Remarks. 1. The points of ()2.21|) can be described as follows. Break 
each band into m pieces of equal size in equilibrium measure. 

The x^i^J are the interior break points. 

2. If a gap is closed, we include its position in the "Dirichlet points" 
of (i). 

3. Generically, there are not zeros at the band edges, that is, 1)2.211) 
has q = 1, . . . , m — 1 but not q = ot q = m. But it can happen that 
one or more of the Dirichlet data points is at an Oj+i or a f3j. 

4. This immediately implies that once one proves that the density 
of zeros exists, that it is given by dk. 

5. It is remarkable that this result is new, given that it is so elegant 
and its proof so simple! I think this is because the OP community 
most often focuses on measures and doesn't think so much about the 
recursion parameters and the Schrodinger operator community doesn't 
usually think of zeros of P„. 

Example 2.2. Let 6„ = 0, = | which has period p = 1. It is well- 
known in this case that the P„ are essentially Chebyshev polynomials 
of the second kind, that is, 

1 sinfn + 1)6' 

PJcosO) = ^ , ^ 2.22 

^ ^ 2" sin^ ^ ^ 

Thus Pm-i has zeros at points where 

e = ^— j = l,...,m-l (2.23) 

m 

(the zeros at 6* = and 9 = n are cancelled by the sin(^)). k{x) = 
TT — arccos(x) and ()2.23|) is ()2.21|) . We see that Theorem 12. II generalizes 
the obvious result on the zeros of the Chebyshev polynomials of the 
second kind. □ 

First Proof of Theorem Wl[ By (12.111) . zeros of Pmp-i are precisely 
points where the 12 matrix element of Tmp vanishes, that is, points 
where (q) is an eigenvector of T^p- That is, zeros of Pmp-i are Dirich- 
let points for this period mp problem. 

When ()1.5|) holds, we can view the a's and 6's as periodic of period 
mp. There are closed gaps where Tmp{z) = ±1, that is, interior points 
to the original bands where {T±)"^ = 1, that is, points where ()2.2H) 
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holds. Thus, the Dirichlet data for T^p are exactly the points claimed. 

□ 

Theorem 12.11 immediately implies point (2) from the introduction. 

Theorem 2.3. Let Pn{x) be a family of OPRL associated to a set of 
Jacobi parameters obeying ()1.5|) . Let {aj,Pj) be a single band and let 
^/^g number of zeros of Pn in that band. Then 

for — l<6<p — 1. In particular, 



< 1 + I (2.25) 



P 

Proof. By a variational principle for any n, n' , 

|Ar(".i) - AT^"'"'')! < |n-n'| (2.26) 

(I2.24|l is immediate from Theorem 12.11 if we take n' = mp — 1 and 
n' = mp+{p—l). ()2.25j) follows from ()2.24|1 given that min(6+l,p— 6) < 
p/2. □ 

Remark. Because of possibilities of Dirichlet data zeros at aj and/or 
Pj, we need {aj, Pj) in defining N^"''^\ It is more natural to use [aj, Pj]. 
If one does that, 071^ becomes 2 + min(6 + l,p-b) and fl^ . 3 + f . 

To go beyond these results and prove clock behavior for the zeros of 
Pmp+b (b ^ —1 mod p), we need to analyze the structure of p„ in terms 
of r_|_,r_. For z not a branch point (or closed gap), r+ ^ r_. r_,_ is 
well-defined on C\bands since |r+| > |r_|. On the bands, |r+| = |r_| 
and, indeed, the boundary values on the two sides of a band are distinct. 
But r+ is analytic on C\bands, so for such z, we can define P± by 

Tp(z) = r+P+ + r_P__ (2.27) 

where P+, P_ are 2x2 rank one projections obeying 

p2 = p^ = p_ p^p_ = p_p^ = (2.28) 

and 

P+ + P_ = 1 (2.29) 
It follows from (ITTfjl and (IT^ that 



T,{z)-r_{z)i 
r+-r_ 



(2.30) 



TJz)-r+(z)i 

(2.31) 
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which, in particular, shows that P+ is a meromorphic function on S 
whose second- sheet values are just P_. 
Define 

a(^) = /[°],P+(.)Q\ (2.32) 



K-) = (Q.nw(Jn (2-33) 



so TTI^ implies 



°),P_(z)Q^ = -a(^) (2.34) 

Q),^-(^)Q) = 1-&W (2.35) 

Under most circumstances, a{z) has a pole at band edges where 
r_|_ — r_ ^0. For later purpose, we note that ((°) , (Tp(z) — r_l) (q)) = 
( (°) , Tp{z) (q) ) has a finite limit at such points. Later we will be looking 
at 

«W(rT-r^)^((;).w(J))^ 



°).w(o))'"rr' 



if r+ — r_ ^ 0. This is zero if and only if {(^^^ ,Tp(z)(^'j) = 0, that is, 
if and only if the edge of the band is a Dirichlet data point, 
and (IT^ imply 

Tmp{z) = Tp{zr = r'^P^ + r"^P- (2.36) 



so 



Tmp{z) = [a{z){T^ - r-)] (^^ + [b{z)T^ + (1 - b{z))T-)] Q 

(2.37) 

Thus, by (IT^ for 6 > 0, 

Pmp+b-l = ^ , TbTmp ^ (2.38) 

= [(r™ - T-)a{z)]q,.,{z) + [6(z)r™ + (1 - b{z))r^)]p,.,{z) 

(2.39) 

where 

q.2{z) = 1 q^i{z) = (2.40) 
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Second Proof of Theorem, \2.1\ For 6 = 0, ph~i = and qb-2 = 1, so 

p^p.^{z) = {V^-V^)a{z) (2.41) 

Its zeros are thus points where a{z) = or where = F™, except 
that at branch points, a{z) can have a pole which can cancel a zero of 

a{z) = if and only if is an eigenvector of Tp{z)^ that is, exactly 
at the Dirichlet data points. 

-pm _ pm jg equivalent to F^™ = 1 since F_ = T^^. This implies 
|F+| = |F_|, so can only happen on the bands. On the bands, by 

F+(x) = exp(7r2pfc(a;)) (2.42) 
and F^"" = 1 if and only if 

mpk{x)(EZ (2.43) 

that is, if (j2.2ip holds for some g = 0, . . . , m. But at g = or g = m, 
a{z) has a pole that cancels the zero of F^ — F™, so the zeros of Pmp-i 
are precisely given by (i) and (ii) of Theorem 12.11 □ 

We can use (j2.39|) to analyze zeros of Pmp+b-i for large m. We begin 
with the region away from the bands: 

Theorem 2.4. Let z G C\bands and let b be fixed. Then 

lim T+{zy"'prr,p+b^iiz) = a{z)qk^2iz) + b{z)ph.iiz) (2.44) 

m— »oo 

In particular, if the right side of (j2.44j) is called jh{z) , then 

(1) Ifjb{zo) 7^ 0, then Pmp+b-i{z) is nonvanishing near Zq form large. 

(2) If jh{zQ) = 0, then Pmp+b-i{z) has a zero {k zeros if z has a k-th 
order zero at zq) near zq for m large. 

(3) There are at most 2p + 26 — 3 points in C\bands where jb{zo) is 
zero. 

Proof flCT|l is immediate from and |F_/F+| < 1. (1) and (2) 

then follow by Hurwitz's theorem if we show that jb{z) is not identically 
zero. 

By (I2ITD and (j2I7|) near z = oo, 

W = (n«.) '^^(J o)+0(^^-') 

which implies F+ = {]Yj=i + 0{zP-^) and T_{z) = 0{z~p). It 

follows that a{z) ^ as z — >■ oo and b{z) 1. Thus, since pb-i has 
degree 6 — 1, ()2.39|) shows that as 2; ^ oo on the main sheet, f{zo) has 
a pole of order 6 — 1. 



FINE STRUCTURE OF THE ZEROS OF OP, III 11 

On the other sheet, P+ changes to P_, so a{z) and b{z) — > on 
the other sheet. It follows that j{z) has a pole at oo of degree at most 
6 — 2. j also has poles of degree at most 1 at each branch point. Thus, 
jb{z) as a function on S has total degree at most 2j9+ (6 — 1) + (6 — 2) = 
2p + 2b — 3 which bounds the number of zeros. □ 

Finally, we turn to zeros on the bands. A major role will be played 
by the function on the right side of (j2.44j) (j is for "Jost" since this 
acts in many ways like a Jost function): 

jb{z) = a{z)qb-2 (z) + b{z)ph-iiz) (2.45) 

Lemma 2.5. jb is nonvanishing on the interior of the hands. 

Remark. By jb{x) for x real, we mean ()2.45p with a defined via 
\im.^lQa{x + ie) since P± are only defined off C\bands. 

Proof. As already mentioned, the boundary values obey 

lim P+ix + ie) = Ymv Pi X - is) (2.46) 

(by the two-sheeted nature of P+ and P_). Thus, by ()2.30|) and ()2.31|) . 

a(x + iO) = -a(x-iO) (2.47) 
h{x + iO) = 1 - h{x - iO) (2.48) 

Moreover, since Tp and T± are real on ]R\bands, a{z) and h{z) are real 
on R\bands (by ^T^). Thus 



a(x + zO) = a(x-zO) (2.49) 



h{x + iO) = h{x - iO) (2.50) 

The last four equations imply for x in the bands 

Re(a(x + iO)) = (2.51) 

Re(6(x + iO)) = i (2.52) 

p and q are real on M, so 

Re{3b{x)) = \pb-i{x) (2.53) 

Thus, if ib{xQ) = on the bands, p;,_i(xo) = 0. 

As we have seen, a{z) =0 only at the Dirichlet points and so not in 
the bands. If pb_i(xo) = = jbixo), then since a(xo) ^ 0, we also have 
qb-2{xo) = 0. By (I2.11|). if Pb-i{xo) = qb~2{xo), then det(T6(xo)) = 0, 
which is false. We conclude via proof by contradiction that ib{x) has 
no zeros. □ 
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Theorem 2.6. For each b and each band j , there is an integer Dbj so 
the number of zeros Nf, J {m) ofpmp+b-i is either m—D{,j orm—D{,j + l. 
In particular, 



sup 



1 _ N'^nj) 
P 



< oo (2.54) 



Moreover, ()1.8|) holds. 

Proof. By (OHl) . (ITi7|l . and (jTiH|l . we have 



Pmp+b-i{x) = j(,(x)r+(x)™ + jb{x) r+(x) (2.55) 

on the bands. By the lemma, jb{x) is nonvanishing inside band j, so 

j,(x) = |j,(x)|e^^^(^) (2.56) 

where 7^ is continuous — indeed, real analytic — and by a simple 
argument, 7;, and 7^, have limits as x | aj or x | bj. 
By (E^, (E3K|1 becomes 

Pmp+b-iix) = 2\jb{x)\cos{7impk{x) + 7fe(x)) (2.57) 

Define D^j to be the negative of the integral part of [jbibj) — 7b(aj)]/7r. 
Since supbandsl7fe(^)l < there is, for large m, at most one solution 
of 7rmpk{x) + 7b(a;) = vr^ for each i. Given this, it is immediate that 
the number of zeros is m — Dbj or m — Dbj + 1. 

Finally, ()1.8p is immediate from ()2.57p . Given that 7 is C^, we even 
get that 



k{x^;^f)-k{x^r^) = - + o(^) (2.58) 



□ 



As for point (3) from the introduction, the proof of Theorem 
shows that if Zq is not in the bands and is a limit of zeros of Pmp+b-i{.z) , 
then pmp+b-i{,zo) goes to zero exponentially (as F™). If this is true for 
each 6, then Yl^=o\Pn{z)\'^ < 00, which means zq is in the pure point 
spectrum of d^. Since the bands are also in the spectrum, we have 

Proposition 2.7. zq EC is a limit of zeros ofpn{z) {alln) if and only 
if zq G supp((iyu). 



Remark. This also follows from a result of Denisov-Simon [1 , but 
their argument, which applies more generally, is more subtle. 
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3. OPUC With Periodic Verblunsky Coefficients 

In this section, we analyze the zeros of OPUC with Verblunsky coef- 
ficients obeying ()1.6|) . We begin with a summary of the transfer matri- 
ces, discriminants, and Abelian functions in this situation. These ideas, 
while an obvious analog of the OPRL situation, seem not to have been 
studied before their appearance in which is the reference for more 
details. Many of the consequences of these ideas were found earlier in 
work of Peherstorfer and Steinbauer jHl El UHl HI HllISl d • 

Throughout, we will suppose that p is even. If (ao, • • • , «p-i, «p, • • • ) 
is a sequence with odd period, (/5o, Pi, . . .) = (ao, 0, ai, 0, ^2, . . . ) has 
even period and 

^2niz,{(3,}) = M^Mc^,}) (3.1) 

SO results for the even p case immediately imply results for the odd p. 
Define the 2x2 matrix 

Ad^) = i ( -f') (3.2) 

Pk \-zak i J 

where pk is given by (jl.4|) . Then 

det(Ajt(a)) = z 
fll.2p and its * are equivalent to 

^""^^ ^nWM (3.3) 



The second kind polynomials, ipn{z), are the OPUC with Verblunsky 
coefficients {— aj}^o- Then it is easy to see that 

with A given by ()3.2p . 
We thus define 

Tniz) = An-iiz) . . . Ao{z) (3.5) 

By we have 

Tmp+b = Tb{Tp)'^ (3.6) 

(B and (Q imply that 



-rJ "V-i 



TniA (3.7) 



"^"^ tJ\] {3.i 
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SO that 

The discriminant is defined by 

A{z) = z-P/'TT{Tp{z)) (3.10) 

The factor (recall p is even) is there because det(z~^/^Tp(2;)) = 1, 
so z~^^'^Tp{z) has eigenvalues T±{z) given by (j2.12p . A(z) is real on 

dB so 

A{z) = A{l/z) (3.11) 

A{z) G (—2, 2) only if z = e*^ and there are p roots, each of 
Tr(Tp(2)) T 2-2^/^ = 0, that is, p solutions of A{z) = ±2. These al- 
ternate on the circle at points +2, —2, —2, +2, +2, —2, —2, . . . , so we 
pick 

0<xi<yi<X2<y2<---<yp<27i (3.12) 

where e*^^ , e*^^ are solutions of A(2;) = ±2. 
The bands 

Bj = {e'^ \ xj<e < yj} (3.13) 

are precisely the points where A{z) G [—2, 2]. In between are the gaps 

Gj{e'' \yj<e< (3.14) 

where Xp+i = xi + 2tc. Some gaps can be closed, that is, Gj is empty 
(i.e., yj = Xj+i). 

We also see that on C\bands, |r+| > |r_|, so the Lyapunov exponent 
is given by 

lim i log ||T„(z)|| = i log|z| + i log|r+(;2)| = 7(z) (3.15) 

n— >oo 

If we remove the bands from C, (j2.13|) holds. Moreover, T^{z) has 
an analytic continuation to the Riemann surface, S, of [Jlopen gaps('^ ~ 
e*^-'+i)(2; — e"'^)]"*^/^. The genus of S, i < p — 1, where i+lis the number 
of open gaps. (In some sense, the OPRL case, where the genus i is the 
number of gaps, has i + 1 gaps also, but one gap is ]R\[a;i,/3p] which 
includes infinity.) r_ is the analytic continuation of F-i. to the second 
sheet. 

The Dirichlet data are partly these points in 9D, zj, 

^pW(J) =c.Q (3.16) 

It can be shown there is one such zj in each gap (including closed gaps) 
for the p roots of ipp{z) — ^p{z). We let cj = Cz.. If Zj is at a gap edge, 
\cj\ = 1; otherwise |cj| 7^ 1. If |cj| > 1, we add sign —1 to zj and place 
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the Dirichlet point on the lower sheet of S at point zj. If |cj| < 1, we 
add sign +1 and put the Dirichlet point on the initial sheet. +1 points 
correspond to pure points in d^. 

As in the OPRL case, the set of possible Dirichlet data points is a 
torus, but now of dimension i + 1. This torus parametrizes those fi 
with periodic a's and discriminant A. 

The F-function, ()1.9p . has a meromorphic contribution to S with 
poles precisely at the Dirichlet data points. 

The potential theoretic equilibrium measures dk for the bands have 
several critical properties: 

(1) If A;(e^^o) = k{{e'^ \ xi < 9 < 9o}), then 

k{e'y^) = A;(e^^^+0 = ^ (3.17) 
P 

(2) The Thouless formula holds: 

j(z) = j \og\z - e'^l dk{d^) + logCs (3.18) 

where 7 is given by ()3.15p and Cb is the capacity of the bands. 

(3) We have 

p-i 

CB = \{{l-\a,\'f'' (3.19) 

(4) 

r+(z) = CB^"^/'exp(^p j \og{z - e'^) dk{e'^)^ (3.20) 

This completes the review of periodic OPUC. The analog of Theo- 
rem does not involve $„ but $„ — $*: 

Theorem 3.1. The zeros of $mp(-2) — ^*mp{^) ^'^^ following 
points: 

(i) the p Dirichlet data Zj 's in each gap of the period p problem. 

(ii) the (m — l)p points where 

k{e^e^ = til + J_ (3.21) 
p mp 

k = l,...,p; q = l,...,m-l. 

Proof. As noted (and proven several ways in [TH', Chapter 11]), for a 
period mp problem, ^rnp — ^mp has its zeros, one in each gap. The gaps 
of the mp problem are the gaps of the original problem plus a closed 
gap at each point where 1)3.211) holds. There is a zero in each closed gap 
and at each point where ()3.16p holds since then Tmp{z) (J) = c^(i)- D 
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We now turn to the analysis of zeros of iprnp+b{z), b = 0,1, . . . ,p — 1; 
. The analog of (imHD is, by (ITTIl . 



m = 0,1,2, 



(3.22) 



As in Section 121 we write, for z G C\bands: 

z-p/Xi^) = r+(^)n(^) + W^-(^) (3.23) 

where P± are 2x2 matrices which are complementary projections, that 
is, ^n^ / ^n^ hold. (|2ISni)/(ESII) are replaced by 



z-P/Xiz)-T4z)l 

r+-r_ 

z~P/X{z)-T4z)l 



(3.24) 



(3.25) 



r_-r+ 

So, in particular, P± have meromorphic continuations to S, and P4 
continued to the other sheet is P_. 
Define 



biz) 



so that, by dZSHI), 



1 / /I 



P_ 



-1/' 



1 — 0(2;) 



Thus, since (1) ? (_\) are an orthonormal basis, 

1 



(3.26) 
(3.27) 

(3.28) 
(3.29) 



-mp/2rp 



mp 



aiz) 



biz) 



-1 



+ r 



(l-a(z)) 



biz) 



(3.30) 



Therefore, by dSZZD, (EHI), and (jT^ . 

<^mp+6(;^) = <^fc(;2)[a(^)z™P/2rm ^ _ a)^"^/^^™] 

+ ^/'fe(2)[6(2)z"p/2rm _ 5(^)^™p/2r^ 

We thus define 

jhiz) = aiz)Lpbiz) + biz)^pbiz) 



(3.31) 
(3.32) 
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and we have, since |r+| > |r_| on C\bands: 
Theorem 3.2. For z E C\bands, 

lim z-™^/2r;>„,+,(^)=j,(^) (3.33) 

m— >oo 

In addition, jb is nonvanishing near z = oo. 

In particular, if zq ^ bands and jh{zQ) ^ 0, then for some e > and 
M, we have fmp+b{zo) 7^ if \z — Zo\ < e and m > M. If zq ^ bands 
and jb{zo) has a zero of order k, then for some e > and all m large, 
fmp+b{z) has precisely k zeros {counting multiplicity). The number of 
zq in C\bands with jb{zo) = is at most 2p + 2b — 1. 

Proof As noted, ()3.3H) and |r+| > |r_| imply ()3.33|) . To analyze jb{z) 
near z = 00, we proceed as follows: We have, by ()3.2|) and ()3.5|) . that 
as \z\ 00, 

■ p-i 



1 0\ (10 



j=0 



+ Oiz' 



p— 1^ 



from which it follows that 



and 



a{z) = l{l-ap^i)+0{z-'] 
b{z) = l{l + ap.i) + 0{z-') 



We have 



j=0 ^ 



from which we see that 



j=0 



3.34) 
3.35) 

3.36) 
3.37) 

3.38) 
3.39) 

3.40) 
3.41) 

3.42) 



18 



B. SIMON 



since imply a{z)+b{z) = l + 0{z-''). In particular, jb{z) 

is not zero near oo, so jb is not identically zero, and the assertion about 
locations of zeros of <fmp+b{z) follows from Hurwitz's theorem. 

Since 1 - a{z) - b{z) = 0{z-^), ^TM / ^^T^ imply that, on the 
second sheet, the analytic continuation of jb{z) near oo is 0{z^~^). It 
follows that jb has a pole of order 6 at oo on the main sheet (regular if 
6 = 0) and a pole of order at most 6 — 1 (a zero if 6 = and is regular 
if 6 = 1) at cx) on the second sheet, jb also can have at most 2p simple 
poles at the 2p branch points. 

It follows that the degree of meromorphic function on S is at 

most 2p + 26 — 1 (if 6 = 0, 2p). Thus the number of zeros is at most 
2p + 26 — 1 if 6 7^ 0. If 6 = 0, there are at most 2p + 26 zeros. But since 
then one is at oo on the second sheet, the number of zeros on finite 
points is at most 2p + 26 — 1. □ 

Next, we note that 

Theorem 3.3. Let {an} be periodic and not at all 0. Zq is a limit of 
zeros of (pn{z) {i.e., there exist Zn with ifn{zn) = and z^ — * zq if and 
only if Zo lies in the support ofdfi). 

Remark. a„ = has as a limit point of zeros at ipn{z) = z^, so one 
needs some additional condition on the a's to assure this result. 

Proof. By Theorems 8.1.11 and 8.1.12 of ^H]; if G supp((i/i), then it 
is a limit point of zeros. For the other direction, suppose zq ^ bands 
and is a limit point of zeros. By Theorem 13.21 jb{zo) = for each 
6 = 0, 1, ... ,p — 1, so by ()3.3H) . fmp+biz) ~ C{r_z^^'^)"' which, since 
\zo\ < 1 and |r_| < 1, implies that (pn{zo) goes to zero exponentially. 

Since a„ is not identically zero, some aj, j G {0, 1, . . . ,p — 1} is 
nonzero. Thus, by Szego recursion for ipj, 



goes to zero exponentially in m. 

Since a„ is periodic, sup„|a„| < 1, and so, sup„p^^ < oo. Since 



we see (p^p_^j_^i{zo) decays exponentially and so, by induction, (Pn{zo) 
decays exponentially. By the Christoffel-Darboux formula (see [T^ 
eqn. (2.2.70)]), |99*(2;o)p > 1 — |-2oP, so the decay implies \zo\ = 1. 
But if Zq G 9D and X]nlv^n(^o)P < oo, then fi{{zo}) > (see [IQ 
Theorem 2.7.3]). 

Thus if Zo is a limit of zeros, either zq G bands or fi{{zo}) > 0, that 
is, Zq G supp((i/i). □ 



V*mp+j{zo) = [Zo<^mp{zo) - Pj<^mp+l{zo)] 




l{Zo) = Pj+i{'^*mp+j{Zo) - aj<^mp+j{Zo)) 
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Finally, in our analysis of periodic OPUC, we turn to zeros near to 
the bands. We define jh on C\bands so that (j3.31|) becomes 

= Uz)z"'P/'T']^ + Uz)z'^''''T^ (3.43) 

While (prnp+b{,z) is continuous across the bands, jh, Jb, and V± are not. 
In fact, r+ (resp. jh) continued across a band becomes r_ (resp. Jb). 
We define all four objects at e*^ G as limits as r f 1 of the values 
at re*^. 

Proposition 3.4. (i) In the hands, 

e'^''/^T+{e'^) = exp{~inpk{9)) (3.44) 

(ii) At no point in the bands do both jb{e^^) and jb{e^^) vanish. 

(iii) Jh is everywhere nonvanishing on the interiors of the bands. 

Proof, (i) This follows from ()3.2()|) . There is an issue of checking that 
it is exp(— ivrp /c(6')), not exp(z7rp A;(^^)). To confirm this, note that 
^ Imlog(exp(— ivrp fc(^))) < and mainly < 0. Since d\Tj^\/dr < at 
r = 1, this is consistent with (j3.44p and the Cauchy-Riemann equations. 

(ii) follows from ()3.43|) and the fact that (pn{z) is nonvanishing on 

(iii) Continue ()3.43p through the cut. Since (pm is entire, the con- 
tinuation onto the "second sheet" is also ipm- T-t get interchanged by 
crossing the cut. Let us use jb,2,Jb,2 for the continuation to the second 
sheet (of course, jb,2 is jb on the second sheet, but that will not concern 
us). 

By this (j3.43j) continued, (Pmp+b{z) = if and only if 

r_(z)\"'_ jb,2iz) 



Jb,2[^) 



(3.45) 



If jb{zo) = for zo G SD, then \jb,2{rzo) / jb,2{rzo)\ goes from to a 
nonzero value as r increases. On the other hand, since |r_/r+| < 1 on 
C\bands, for m large, \r -{tzq) /T ^{rzo)\"^ goes from 1 to a very small 
value as r increases. It follows that for m large. 



r-(^) 


m 




r+(^) 







has a solution r^^o with > 1 and ^ 1. As in J7j, we can change 
the phase slightly to ensure ()3.45|) holds for some point, Zm, near rmZo 
with \zm\ > 1. Since (p has no zero in C\D, this is a contradiction. □ 



Remark. This proof shows that in the bands |jfe(e*^)| > \jb{e 
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()3.43|) says we want to solve 

M) "^ (3.46) 

to find zeros of iprnp+b{z). We liave, by tlie remark, tliat \g{0)\ < 1. 

Definition. We call Zq G bands a singular point of order k if jbizo) = 
and the zero is of order k. 

We do not know if there are singular points in any example! If so, 
they should be nongeneric. We define the functions 

^^(^) = (3-47) 

and 

9biz) = (3.48) 

For e*^ in the interior of a band minus the singular points, let A{6) be 
given by 

^ = exp{2zA{e)) (3.49) 

with A continuous away from the singular points. 

The analysis of a similar equation to (|3.46|) in ^7] shows that: 
(a) The solutions of ()3.4(jj) near |z| = 1 lie in sectors where 

27Tpk{e) = A{e) + — + ( — ^ ) (3.50) 



m \m\ogm 

with exactly one solution in each such sector 
(b) The magnitudes of the solutions obey 



\z\ = l-0[^-^) (3.51) 



m 



(c) Successive zeros Zk^i,Zk obey 



A;(arg(z,+i)) - k{a.igZk) = — + o(—^ ) (3.52) 

mp \ m log m ^ 

and 

Zk+l 



I + 01— (3.53) 

Zk \mlogm J 

(d) All estimates in (a)-(c) are uniform on a band. 

(e) Away from singular points, all 0(l/mlogm) errors can be replaced 
by 0(l/m^) and 0(logm/m) in ()3.51|) by 0(l/m). If there are no 
singular points, these are uniform over a band. 
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It is easy to see that the total variation of A in each interval between 
singular points (or band endpoints) is finite, so (j3.5(Jj) and the fact that 
k varies hj 1/p over a band say that the number of solutions in a band 
differs from m by a finite amount. This implies 

Theorem 3.5. Let N^"''^^ be the number of zeros, Zq, of(pn{z) that obey 
(a) arg Zq G band j 
(b) 

{1 - \zo\) < n-'/' (3.54) 

Then 

(a) sup„,^.|iV(-.i)-|| <oo 

(b) For n large, all such zeros have 

lo£ n 

{l-\z,\)<C^ (3.55) 
n 

and if there are no singular points , we can replacelogn/n in ()3.55p 
by 1/n. 
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